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ABSTRACT: Shape distribution functions, i.e., probability distributions of the principal components of the
gyration tensor, for Gaussian molecules in three-dimensional space have been numerically evaluated for circular
and linear chains as spheres and ellipsoids of revolution. For spherical configurations, the three principal
components of the gyration tensor are equal, while two of the principal components are identical in the space
of ellipsoidial configurations. These configurations lie on the boundary of the domain of all possible ellipsoids.
As in two dimensions, the most probable configurations in three dimensions are very compact when compared
to the mean-square dimensions of general ellipsoids. For ellipsoids of revolution, fluctuations away from the
most probable configurations are found to be highly asymmetric; their distribution functions consist of two
parts: prolate and oblate. Gaussian molecules are, on the average, more likely to be prolate than oblate, with
the prolate-to-oblate probability ratio being 3.33:1 and 6.31:1 for circular and linear chains with 61 Rouse
beads, respectively. These results complete the description of symmetric configurations in three-dimensional

space.

Introduction

The need to determine shape distributions for macro-
scopic random elastic networks has motivated this study
of the distributions for individual macromolecules.”? The
earlier results obtained by Solc, Stockmayer, and Gobush
on the shape distributions for long linear chains in
three-dimensional space and circular chains in two di-
mensions revealed many interesting features of the dis-
tributions, such as their large asymmetry.*® Later, a
general treatment of this problem was borrowed from the
theory of multivariate statistics by one of us, thus pro-
viding a complete formal solution to the problem.”® Apart
from the relatively simple asymptotic formulas,? the formal
solution as a series in zonal polynomials is practically
useless for polymer scientists who wish to gain some insight
into the behavior of macromolecules. More tractable re-
sults are obtained when the integrals are formulated in
Fourier space, with the last few integrals being left for
numerical evaluation. These numerical computations were
done for circular and linear chains as disks and ellipses in
two-dimensional space, and the plots displayed detailed
information about the shape distributions.l® Another effort
to describe the shape of macromolecules is that of Theo-
dorou and Suter.!! They computed segment density dis-
tributions for a rotational isomeric state model of poly-
propylene by Monte Carlo techniques. Their results show
that chains are highly anisometric. More recently, various
analytical and Monte Carlo results were obtained for shape
parameters of polymers as unrestricted or restricted, open
or closed random walks.!?™"7

We have completed the numerical evaluations of the
shape distribution functions for circular and linear chains
of two different lengths for the subset of configurations
in which the chains are spheres and ellipsoids of revolu-
tions. These distributions provide considerable insight into
the quantitative features of the shape of Gaussian mole-
cules, and the techniques used to evaluate them will be of
use in applications to rubber elasticity. In the following,
the general shape distribution functions are first reduced
to computationally tractable forms. Then we focus on the
distributions for circular and linear chains as spheres,
obtaining both analytical and numerical results. Imme-
diately following that is the treatment of the distribution
functions for the same types of molecules as ellipsoids of
revolution, with a few complicated but useful equations
and several plots for the distribution functions displayed.
Finally the numerical results obtained for both spheres and
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ellipsoids of revolution are discussed.

General Formulation

For a system of n identical particles imbedded in a k-
dimensional space, the gyration tensor S takes the form

S = n1IXX’ (1)

where X is a £ X n matrix of coordinates in an arbitrarily
oriented coordinate frame with origin at the center of mass
and X’ is the transpose of X. In the framework of the
Gaussian model the effective potential of mean force is
BV(X) = tr (XK,X), where K, is the Kirchhoff matrix that
describes the connectivity of the molecule. The shape
distribution function is readily formulated in normal co-
ordinates Q, and is given by®

P(S) dS = (dS/Z) [ etr (-QoA, Q) dQy/dS  (2)

where Z is a normalization constant. For a molecule of n
Rouse beads with a mean-square segment length (/2),, the
diagonal matrix A, = diag (vAy,7YAg,...,YA,1) consists of the
nonzero eigenvalues of K., with ¥ = k/2(I?),. The next
step is to express eq 2 in Eckart coordinates through the
polar decomposition Q, = n/2hS,!/2V, where h € SO(k)
[SO(k) is the special orthogonal group acting on a k-di-
mensional space], S, is the diagonal matrix of the principal
components of the gyration tensor,and V=V, _,isak
X (n — 1) matrix with VV’ = 1,. The space V is a Stiefel
manifold.’

To formulate P(S) dS in Eckart coordinates, use is made
of the metric on the k(n — 1)-dimensional normal mode
space Qg, from which the volume element dQ, is ob-
tained.”° In so doing, eq 2 becomes

P8, d8, = (@84/Z)E®) J _etr (8,VkV) dV (3)

where p < k designates the number of unequal principal
components of the gyration tensor, S4 = ySy/n is the
diagonal matrix of the reduced principal components, dSy
is defined as the differential volume of the unequal reduced
principal components, « = diag (ky,Kg,...,kn-1) With k; = nz)\j,
Z, is a normalization constant, and E(S,) is a function of
the reduced principal components only, which, as a part
of the volume element dQ,, may be written down for any
given p. For p = k, eq 3 was solved analytically, with the
result expressible in terms of the two-matrix hypergeo-
metric function.®? For spherically symmetric configura-
tions, where S, = S1,, the function E(S,) is

E(Sd) = Slkn-k(k-3)/2-1]/2 4)
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- Table I
Definitions of S; and B(S,) for 3-D Shape Distributions
8, B(8a)
$59 X
(31, 51,5 S, S -S)*
(81, Sy, Sy) I8; = SallSz - SsllSs - S

while for ellipsoids of revolution, where Sd = diag (8 1 S 1
S)), E(Sy) is given by

E®y = 5,272 »4(§, - §,)? )
Before attempting numerical evaluation of eq 3, it is
necessary to reduce it to a more manageable form. This

is accomplished with the use of § functions to remove the
constraint VV’ = 1, to yield

. . - N . k
P(8y) 8, = (d84/Z,)B(8y) f etr (iS;hxh’) Hﬁlxa -
a<
k
xgllly ® Kknpy + ix, ® 1,42 dh I:Ildx, (6)
where Z,, is a new normalization constant, h € SO(k), x
= diag &1,x2,...,xk), the function B(S,) is defined as
B(8y) = [84**2/2E(8,) (M)

and the integration ranges are ~» < x; S %, < .. S x; S
. For £ = 3, it is convenient to make a change of variables
tot = x4, x = x; — x5, and y = x, — x3; €q 6 may then be
written in terms of the new variables ¢, x, and y as

P8, 8, = (d8,/2,)BBy f dt i “da jo“’dy

1 2r 27
j:ldr j; doa J; dB xy(x + y)Fi(t + x)Fy(t)F4(t —(y)
8)

where Z, is another normalization constant and the
function F,(x) is defined as

n=1
F,(x) = exp(ix4,) [1(x; + ix)71/2 9)
j=1
with 4, = T3_,5,h,,2 In eq 8 the representation
Cq s O 1 0 0 cg sz O
h={ s, ¢, 0 0 Cy Sy —Sg  Cg 0 (10)
0 0 1 0 -s, ¢ 0 0 1

has been chosen, where ¢, = cos a, s, = sin «, and —cos ¥
= r. The subscript p in Z,, takes the value 1 for spheres,
2 for ellipsoids of revolution, and 3 for general ellipsoids.
The functions B(S,) for these three cases are defined in
Table 1.

Spheres

For spherical molecules, A, = S for all u. We therefore
obtain from eq 8 the distribution function as

P(S) dS =

43 8x2/2)5 [ "dt i “dx I “dy xy(x +
WF({t + x)Ft)F( - y) (11)

where F(x) is defined as
. n-l
F(x) = exp(ixS)Hl(xj + ix)"1/2 (12)
=

We now ask the following question: Is there a way to
extend the integration limits of one of the two semiinfinite
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integrals to (-», =) so as to make use of the residue
theorem more than once? Fortunately, the answer turns
out to be positive. The trick is to note the integral identity

j; dx j; dy xy(x - YF(t + x)F(t +y) =0 (13)
which holds for arbitrary . This gives

P(8) 43 = a5 (8x?/2)8% [ “dt I “dy j; “dx xy(x +
YVIF(t + x)F)F( - y) (14)

In what follows, analytical results are presented for two
types of molecules—linear and circular chains-——both with
an odd number of beads. For even n, the final equations
appear slightly different from those for odd n, but the
techniques employed to evaluate them are essentially the
same. The n = 5 case is treated separately. The equations
given below therefore hold for n greater than 5.

The double degeneracy of the eigenvalues «; = 4n? sin?
{mj/n) for circular chains® allows one to carry out the two
infinite integrals by use of the residue theorem twice, with
the result

- - - - (n-1)/2 ]
P(S) ds = (dS/Zc)Ss/2 Z ("1)"+k+l(Kk - Kj)(Kl - Kj) X
J=k#l

BEE = exp[-S(k; + 2« + iB)] i (15
(ky, = x)B;By, lj; 5+ it —n) 8 (15)

where B; is defined by
(n-1)/2
Bi=x/ Il 1-«/xi (16)
i)
and Z is a normalization constant which may be evaluated
through

j; P ad =1 17

One notices that the integral in eq 15 can be expressed in
terms of the exponential-integral function of real argu-
ment.1®

For linear chains, for which «; = 4n? sin? (nj/2n) 8 the
existence of branch points requires evaluation of the in-
tegrals along proper branch cuts. Here we choose vertical
branch cuts!® for both infinite integrals. The result is

- - . . © /2 /2
= 5/2
P(S) dS = (dS/Z)S j; dg j; dé j; de
(n-1)/2

K] _kzl (=1)**(¢, - €;)D,Dy, exp[-S(e; + 26, — if)1(e; — ¢ +
hR=
n=2

iﬁ)l_ﬂl(m - & + )72 (18)

where ¢; = kg;_; + (ko — Kk951) sin? 6, D; is defined as

n
D, = (szKZj_l)1/2[¢2jr,12j—1|6j/m - 12 (19)

and Z; is a normalization constant which, like Z, has an
analytic solution.
For n = 5, a simple analytic solution to the distribution
function for circular chains exists and is given by
P8) dS =
(dS /37Y/%)(8/x5/2)5%? exp(-3x,S) cosh (x_8) (20)

where . = (k; £ x9)/2. The function x, is defined as
Xo = (kg + 269)7% + (kg + 2x9)7@ (21)
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Table 11
Most Probable Configurations (Spheres)
n *§ P(*S) (S)
Circular
5 0.0085 53.8089 0.0144
11 0.0185 59.3138 0.0217
61 0.0180 72.2465 0.0208
63 0.0175 72.2761 0.0208
99 0.0175 72.5661 0.0207
Linear
11 0.0225 45,3571 0.0271
25 0.0215 51.6058 0.0262
61 0.0215 52.9544 0.0262
99 0.0215 53.1076 0.0261

60

28

2]
@ 29 8 82 6 24 2 @6 2 08 2 10

~

S

Figure 1. Size distribution P(8) for spherical configurations.
Curves 1 and 2 are for circular chains with 61 and 11 beads,
respectively, while curves 3 and 4 correspond to n = 61 and 11,
respectively, for linear chains.

The first moment (S) may be expressed in terms of ; and
Ko 88

(8) = (6/x7/2/ X572 (22)

whose numerical value, together with the most probable
S, denoted by *S and the value of the distribution function
evaluated at S = *S, P(*S), is given in Table II.

In the numerical evaluation of eq 15 and 18, oscillating
integrands are avoided by use of an exponentially scaled
exponential-integral function to represent the Fourier in-
tegral in eq 15. The semiinfinite integral in eq 18 is
transformed to a simpler one with a real-valued integrand
by integrating along the imaginary axis of the complex
plane where the branch points lie. The IMSL subroutine
MMDEI? was used for calculating the exponential-integral
function. All integrals were evaluated by use of Romberg
integrators.?!

Numerical computations on P(S) for a wide range of
values of S were done for three choices of n: 11, 61, and
99. The results are plotted in Figures 1 and 2 and sum-
marized in Table II. All calculations were performed on
an IBM 4381, with less CPU time required for circular
chains. For a given type of molecule, calculations for large
n consumed more CPU time than for small n since the
upper limit of the summation index in both eq 15 and 18
increases linearly with n.

Ellipsoids of Revolution

When configurations are ellipsoids of revolution, it
follows from the definitions that A, depends only on r and
at most one angular variable. One integral is therefore
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Figure 2. Distributions for 99-bead (equivalent to the large n
limit) circular and linear chains as spheres.

absent from eq 8. The shape distribution is obtained on
evaluation of

P(3,,8,) 48, d3, = d§, d3, r/298, 3 [ ar

j;mdx j:dy j;ldr J;Zfda xy(x +

YIFi(t + )Fy()Fy(t - y) (23)

where A = S" S The function F,(x) is the same as
defined in eq 9 w1th A =8, +A1- r2) cos? /2, Ay =
SJ_ + A(1 - ) sin? /2, and A3 S + Ar?. We note that
the « integration may be done analytlcally with the result
expressed in terms of the Bessel function of the first kind
of zero order. For present purposes, this is not done for
the following reason. As in the evaluation of the distri-
bution function for spherical configurations, we find that
the expansion of the integration limits for one of the two
semiinfinite integrals in eq 23 to (-, =) is also allowed
(see Appendix). Therefore, by leaving the integration over
SO(3) for the last, the improper integrals can be evaluated
in ways parallel to those for spherical configurations. In
the following, analytical and numerical results are obtained
for linear and circular chains with an odd number of beads
greater than five.
For circular chains, eq 23 is reduced to

~ =~ ~ ~ ~ ~ - o~ 1 ~7/2
P@5,,8,) d§, d8, = d8, 45, /Z0)8, A? j; j; dr do

(n-1)/2
2 (1), — k) = ;) (K, — k) B;BiB X
Jk#=l
exp(—y ) [exp(—ay) Ei (ap) + exp(=8y) Ei (8)] (24)

where Z is a normalization constant, ey, = (x;— S, +
A(l ~ r2) sin® 8], By = (k- kIS + AL - r?) cos? 01, vju
(SL + Ar? )k; + [2SJ_ + A1 - r2)]xk and Ei (x) is the
exponential- mtegral function. In the case of linear chains,
the final equation derived from eq 23 is put into the form

P(5,,8,)dS5,dS, =

~ ~ P 1 x/2 w/2 /2
2
@5 a8, /z08, 8 f {7 7 {7 dr da ds dy
(n-1)/2 (n-3)/2

kzl (-1)**(e, — €,)D;D;, exp(-wj) Z D epr/2 =
2

€)D141/2G 641y — &) + (- 1)("_1)/2(% + e — ) HyG(ay)}
(25)

where Z is a normalization constant, €; = xp;_; + (kg — xgj-1)
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Table III
Most Probable Configurations (Ellipsoids of Revolution)
- p‘».rolate _ _ oPlate - i probability i
n *Sy *S, P(*S),*S1) *S, *S) P(*S,*S ) {(Sp ratio (S,)
Circular
5 0.0325 0.0025 982.70 0.0225 0.0025 1103.13 0.0507 2.79 0.0155
11 0.0450 0.0125 703.23 0.0275 0.0075 684.70 0.0545 2.45 0.0232
61 0.0450 0.0150 946.97 0.0275 0.0100 749.37 0.0573 3.33 0.0222
Linear
11 0.0700 0.0150 254.39 0.0375 0.0100 218.07 0.1287 4.77 0.0265
61 0.0725 0.0175 301.39 0.0375 0.0125 211.00 0.1346 6.31 0.0255
T e T
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Figure 3. Shape distribution function P(S,S,) for_11-bead
circular chains. The reduced principal components S of the
gyration tensor are defined as 3S,/2n([?),, where (Iz)o is the
unperturbed dimension of a segment

sin? a, D is the same as defined in eq 19, “jp = (S, + Ard)e
+[25, + A(L - )&, 0; = (kny - €) sect y, and H, and
G(x) are defined as

n-2
H: = (k,10) 2 sec y[1[(a; + ¢; -1]72 (26 “\\\
7 e el O/ T 00 i Ny
and
G(x) = x exp{-[S, + A(1 - r?) /2]x}[A(1 - P?)x /2]
(27

respectively. I(x) is the modified Bessel function of the
first kind of zero order.

As is the case for spherical configurations, the shape
distribution function for five-bead circular chains is found
amenable to further analytical reduction to a simple ex-
pression. The result is

P(§,,8)) d§, dS, = d§, dS, /)8, /?A x
cosh {x_[S, + A(1 - 269}
exp(—«,§?) f
0

(S, + A - )2

where the normalization constant C may be written down
as a simple double integral. It is also seen that the integral
in eq 28 can be expressed in terms of the two-variable
degenerate hypergeometric series.?? Some numerical re-
sults obtained on evaluation of eq 28 are tabulated in Table
III.

In practical numerical evaluation of eq 24 and 25, use
is made of the fact that both equations can be put into the
form

P(5,,8,)d§,dS, =
3
(A5, d8,/2)8,5° [ dr LGOW.0) (29
a=1

dg (28)

: I
: =
0 L o
< | T
~ =

\
Y
\\s\\%\“{\-

Figure 4. (Top) Shape distribution function for circular chains
with n = 61. (Bottom) Opposite view. The heavy line depicts
the mean-squared radius of gyration (32), = 1/ for circular chains
in three dimensions.

where each component W,(r) consists of, at most, one
integral of a single sum and G,(r) is, at most, a double
integral of double sums. The last integral over r was
carried out by a 10-point Gaussian quadrature® and those
in W,(r) and G,(r), if any, were performed by Romberg
integration.?! The special functions Iy(x) and Ei (x) were
calculated with their respective IMSL function subpro-
grams.? As for spheres, much more CPU time was re-
quired for computations at large n. Calculations for n =
11 were done on an IBM 4381 while for n = 61 an IBM
3090-200E was employed to do the computation. The
graphical representations of P(S", 1) resulting from these
computations are displayed in Flgures 3-6. Some nu-
merical results are summarized in Table III.

The normalization in eq 29 is
Zo=Zyy+ 7y, (30)

where Z,, and Z,, are the normalization constants for
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Figure 5. Distribution function for 11-bead linear chains as
ellipsoids of revolution.

VAR

\m\\\\\\!\\\\\\\

0.1275 4—
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...-"-,l‘\ ‘n “‘.“‘.ml‘l ‘&uu\n‘:\\\\‘\‘ |

Figure 6. (Top) Distribution function for linear chains of n =
61 beads. Otherwise the same as Figure 5. (Bottom) Opposite
view. The heavy curve locates the mean-squared radius of gy-
ration, (§%) =1/,

prolate (S, > S,) and oblate (S, > S)) ellipsoids, re-
spectively. For prolate ellipsoids, we have

®  _ 5 . . . 1 3
Zip= [, 48, [ 48, 8.5 dr COWH (D
while for oblate ones
L I - SJ_ -~ o~ 1 3
= 2
J‘ a8, §, _[‘ d3, & J; dr X G(NW() (32)

The ratio of the two, Z, :Z,, is the probability ratio that
measures the hkehhocrclp that Gaussian molecules choose
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Figure 7. Distribution of the squared radius of gyration 52 for

11-bead circular chains as ellipsoids of revolution as calculated
from eq 34.

o

prolate configurations rather than oblate ones.

Finally, we consider a probability distribution of a
quantity o that is a linear combination of S, and S, which
may be formulated as follows:

P(s) de =
dﬂj; j; 8l — (a8, + BSIP(S,,5,) dS, dS, (33)

For @« = 1 and 8 = 2, ¢ is simply the squared radius of
gyration of the ellipsoids under consideration, which may
be denoted by S2. In this particular case, we have from
eq 33

P 45 = @8%/3) f) PIS™-0) /3,5+20)/3] d (34)

where a = -52/2 and b = 5% A sample calculation for P(5?)
was done for circular chains with n = 11. The result is
plotted in Figure 7, illustrating general features of the
distribution function of the radius of gyration for ellipsoids
of revolution.

Discussion

The most probable spherical configurations are very
compact with respect to the mean-square dimensions of
general ellipsoids and even more so than their disk coun-
terparts,!® as is seen in Figures 1 and 2. This greater
compactness of configurations in higher dimensional space
may be accounted for by the greater variety of configu-
rations as dimensionality increases. This feature also ap-
pears in the evaluation of other types of probability dis-
tributions such as those for the largest principal compo-
nent.'” As a result, spherical configurations are subject
to more constraints than disks. For circular chains with
n =99, *S and (S) are found to be 0.0175 and 0.0207,
respectively, while for linear chains with the same number
of beads, they are 0.0215 and 0.0261, respectively. Circular
chains are thus seen to be less extended than linear chains,
as expected. Limiting distributions for large n for both
circular and linear chains are rapidly reached as n passes
aproximately 50.

The probability of finding spheres in the configuration
space of ellipsoids of revolution is zero. This is also seen
in the defining equations, eq 5 and 6, for the shape dis-
tribution functions. The consequence of this fact is seen
in Figure 3-6; the two parts of the distribution are sepa-
rated by a vertical plane that cuts the space on the line
Sy = S, on the zero-probability-density plane. The part



3434 Wei and Eichinger

representing the distribution for prolate ellipsoids of rev-
olution is restricted by the mequahty S, > 8. Similarly,
the part belonging to oblate ones is constramed by S|1

S 1- In figure 3, P(S_n, 1) for circular chains with n = 11
is plotted against S; and S, with the same grid size
(0.0025) for both axes. As is seen, the larger volume of the
prolate part indicates that these chains are more likely to
be prolate than oblate. This turns out to be true in general
for both circular and linear chains as is observed in Figures
4-6. From Table III, the most probable dimensions for
11-bead circular chains, *S; and *S |, in the prolate region
are 0.0450 and 0.0125, respectively, as opposed to the
corresponding values, 0.0075 and 0.0275, for oblate ellip-
soids of revolution. The larger value for the probability
density at the most probable configuration in the prolate
region for circular chains with n = 11 implies that their
most probable configurations are prolate ellipsoids of
revolution. The opposite is true for five-bead circular
chains. Similar features are found for larger n circular
chains and linear chains. Within the prolate or oblate
region, however, the general features exhibited by these
distributions are similar to those in two dimensions.!® This
includes the long tails of the distributions as the larger
component becomes large and the fact that the fluctuations
away from the most probable configurations are highly
asymmetric. Figure 5 displays the linear chain counterpart
of Figure 3, which exhibits, in addition to what the latter
reveals, even longer tails in the distributions. Figures 4
and 6 represent large n-limiting distributions. Each is
presented with both front and back views displayed. For
n = 61, linear chains have *S, = 0.0725 and *S, = 0.0175
with *3? being only 43% of the mean-square radius of
gyration, (§%), =!/,. For circular chains, *3* is 60% of (§%),
= 1/, Both the most probable and average dimensions
of linear chains are larger than those for circular chains,
as seen in Table III, which stands to reason. It is found
that the ratio *S;:*S, for both prolate and oblate ellipsoids
of revolution rapidly reaches its limiting value as n in-
creases for both linear and circular chains.

_Finally, we note that the numerically computed quantity
(S 0+ 2(8 1 ) for circular and linear chains with n = 61
is 0.1017 and 0.1856, respectively. These values are 81%
and 74% of their respectlve (§%)y. This feature may be
better appreciated in Figure 7, which shows the distribu-
tion function for S? for the 11-bead circular chain on the
subspace of ellipsoids of revolution. It must be noted that
the distribution under consideration is different from that
commonly referred as the distribution of the radius of
gyration, which is formulated in the complete configuration
space.
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Appendix. Proofs of Extension and Reduction of
Integration Limits in 3-D Shape Distribution
Functions

Denote the integral part of the 3-D shape distribution
function defined in eq 6 by I(S;) and make a change of
variables to t = (x; + x5 + x3)/3, 2 = (x; —x,)/3 and y =
(xg9 = x3)/3. The function I(Sy) may then be written as

~ - ® ® ® )

I(Sy) J:wdt j; dx J; dy xy(x + y) exp(i8%t) X
Wix,y)D{t + 2x + y)D(t — x + y¥)D(t — x — 2y) (A-1)
where D(x) = [1’2Hk; + ix)™"/2 and W(x,y) is given by
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so(3

W(x,y) = exp(~i tr A tr B) f ot (SARBH) dh
(A-2)

where A = diag (51—53,§2—S3,0) and B = diag (x+y,y,0).
Now let z =t — x + y. Equation A-1 may then be trans-
formed to
~ - @ ® @ .,,,2
I(Sy) J:mdz j; dx J; dy D(z) exp(i§?2)xy(x +
NW,y)Ux)U(-y) (A-3)

where U(x) is defined as

Ulx) = D(z + 3x) exp(i§2x) (A-4)

In what follows, a key relation for W(x,y) is first derived,
from which follows two desired proofs.

1. Proof that W(x,y) = W(y,x). Let us first consider
Flxy,x0,%3) = f St Gahxh) dh (A5)
80

where a = diag (8,,5,,5;) and x = diag (%;,%5,x5). It then
follows from the properties of SO(3) that

F(x1,x9,x3) = F(x3,x9,%1) (A-6)
By definition (see eq 6 and A-1), we have
Flx1,x9,25) = exp(i&2) W(x,y) (A-7)
Now consider
F(x3,%9,%1) = exp(i8%)G(x,y) (A-8)

where G(x,y) is given by
G(x,y) = exp(i tr A tr C) f °tF (Ci3ARCH) dh
80
(A-9)

in which C = diag (y+x,x,0). We note that G(x,y) =
W(y,x) = W(-y,—x). Therefore, by equating eq A-7 and
eq A-8, we complete the proof.

2. Proof of Extension and Reduction of Integration
Limits. We note that the proof of extension of the inte-
gration limits is equivalent to proving that

@ 0
§odx f dyayx + YWENU@UE) =0 (A-10)
To verify eq A-10, rewrite it in the form
S @ f dyxyx - )WaU@UG) =0 (ArLD

which is readily proved by using the symmetry relation for
W(x,y) derived earlier.

Similarly, to give a proof of reduction of the integration
limits, we first verify the relation

0] o
_[ R(zx,y) dz = fo Reyx) dz  (A-12)
where R(z,x,y) is defined as
R(z2,x,y) = D(2) exp(i§%) W(x,y) U(x) U(-y) (A-13)

Equation A-12 is easily proved by noting that D(—x) = D(x)
and W(x,y) = W(y,x). It then follows immediately that

I8) =2Re {d [ dv [ “dy D(2) explis®)xy(x +
NWW(x,y)Ux)U(-y) (A-14)
Equations A-10 and A-14 complete the proofs.
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ABSTRACT: Non-Gaussian effects on the frequency dependence of intrinsic birefringence or intrinsic
viscoelasticity are investigated for flexible homopolymers in dilute solution. The effects are examined for
bead-spring model chains having linear or regular star geometry by using the approximate framework of Ptitsyn
and Eizner. Predicted properties are computed for chains of finite size for both uniform and nonuniform
chain expansions; the results are compared to those of the Gaussian model. These comparisons clarify why
measured dynamic properties of flexible homopolymers dissolved in good solvents often correspond quantitatively
to properties computed for the Gaussian model. Long-chain structure parameters obtained by fitting measured
dynamic properties with Gaussian model predictions are expected to be at most weakly dependent on solvent

power.

I. Introduction

The frequency dependence of the modified intrinsic
birefringence [S*], and viscoelasticity [#*], has recently!
been shown to have excellent potential for characterization
of long-chain structure in monodisperse samples of flexible
homopolymers. However, these low-shear-rate predictions
were based on a Gaussian chain model that makes them
most applicable to measured properties of homopolymers
in O solvents. Properties in O solvents—especially required
to characterize long-chain structure—are particularly
difficult to obtain relative to those in good solvents; the
signals are lower and the accessible effective frequency
range is much smaller since time-temperature superpo-
sition techniques? are no longer applicable. Properties in
© solvents are also less sensitive to long-chain structure
because the breadth of the relaxation time spectrum
characterizing the conformational motions of a chain in
solution compresses as the solvent power diminishes.
These concerns make the measurement of solution prop-
erties in good solvents much more attractive, though the
interpretation of long-chain structure from such properties
is complicated by the lack of a rigorous, mathematically
tractable theory quantitatively predicting these properties
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0269.
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for non-Gaussian chains. Fortunately, as summarized in
ref 1, the Gaussian model has been surprisingly successful
in fitting properties measured in good solvents; this has
been done by experimentalists for at least 20 years.?
Strictly speaking, the interpretation of the fit parameters
has not been entirely clear because of the non-Gaussian
nature of the real chains; our purpose here is to investigate
non-Gaussian effects on the fit parameters. Non-Gaussian
effects are predicted with the bead-spring model formu-
lated in the approximate framework of Ptitsyn and Eiz-
ner;>% chains of finite size and various degrees of hydro-
dynamic interaction are considered. These predictions are
then fit by those of the Gaussian bead-spring model.
Differences in the (Gaussian chain) fit parameters relative
to those used to generate the non-Gaussian properties are
discussed. Only linear chains and regular stars are in-
vestigated; the results for other geometries are expected
to be intermediate to these cases.

II. The Ptitsyn-Eizner Prescription

The Gaussian bead—spring model was first modified to
include non-Gaussian effects (linear chains) by Ptitsyn and
Eizner.>5 Since then their approach has been employed
by Tschoegl? Bloomfield and Zimm,” and Bloomfield and
Sharp® to investigate low-frequency viscoelastic (VE)
properties of infinitely long linear chains, rings, and regular
stars. The justification for their approximate corrections
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